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Wideband Beam Tracking in THz Massive
MIMO Systems

Jingbo Tan

Abstract— Terahertz (THz) massive multiple-input multiple-
output (MIMO) has been considered as one of the promising
technologies for future 6G wireless communications. It is essential
to obtain channel information by beam tracking scheme to
track mobile users in THz massive MIMO systems. However,
the existing beam tracking schemes designed for narrowband
systems with the traditional hybrid precoding structure suffer
from a severe performance loss caused by the beam split effect,
and thus cannot be directly applied to wideband THz massive
MIMO systems. To solve this problem, in this paper we propose
a beam zooming based beam tracking scheme by considering
the recently proposed delay-phase precoding structure for THz
massive MIMO. Specifically, we firstly prove the beam zooming
mechanism to flexibly control the angular coverage of frequency-
dependent beams over the whole bandwidth, i.e., the degree of
the beam split effect, which can be realized by the elaborate
design of time delays in the delay-phase precoding structure.
Then, based on this beam zooming mechanism, we propose to
track multiple user physical directions simultaneously in each
time slot by generating multiple beams. The angular coverage
of these beams is flexibly zoomed to adapt to the potential
variation range of the user physical direction. After several
time slots, the base station is able to obtain the exact user
physical direction by finding out the beam with the largest
user received power. Unlike traditional schemes where only one
frequency-independent beam can be usually generated by one
radio-frequency chain, the proposed beam zooming based beam
tracking scheme can simultaneously track multiple user physical
directions by using multiple frequency-dependent beams gener-
ated by one radio-frequency chain. Theoretical analysis shows
that the proposed scheme can achieve the near-optimal achievable
sum-rate performance with low beam training overhead, which
is also verified by extensive simulation results.

Index Terms— THz massive MIMO, beam tracking, hybrid
precoding.

I. INTRODUCTION

ERAHERTZ (THz) communication is considered as one
of the promising technologies for future 6G wireless
communications, since it can provide tens of GHz bandwidth
to support ultra-high data rates [1]-[5]. However, THz signals
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suffer from the severe path loss due to the high carrier
frequencies [6]. To compensate for the severe path loss,
massive multiple-input multiple-output (MIMO), which can
generate directional beams with high array gains, is considered
promising to be integrated in future THz communications
[7]-[9]. Nevertheless, the widely considered hybrid precoding
structure in massive MIMO [10] cannot deal with the beam
split effect caused by the wide bandwidth and a large number
of antennas in THz massive MIMO systems [11]. Specifically,
the beam split effect can be seen as a serious situation of
the widely known beam squint [12], [13], which means that
the beams generated by the traditional frequency-independent
phase-shifters (PSs) may be totally split into different physical
directions over different subcarriers within the large frequency
band. Consequently, these beams over different subcarriers
cannot be aligned with the target user in a certain direction,
which leads to a serious array gain loss and thus an obvious
achievable sum-rate loss. To solve this problem, introducing
time-delayers into precoding structure, such as true-time-
delay array [14]-[16], array-of-subarray structure [17], and
delay-phase precoding structure [18], is considered to be
promising. Thanks to the frequency-dependent phase shifts
provided by time-delayers, these precoding structures can sig-
nificantly mitigate the array gain loss caused by the beam split
effect.

To realize precoding, accurate channel information is essen-
tial. Generally, the channel information can be obtained
through channel estimation. However, because of the large
size of channel information, traditional channel estimation
schemes will result in an unacceptable channel estimation
overhead in THz massive MIMO systems [19]. To avoid
such an unacceptable overhead, the beam training scheme is
preferred. Instead of estimating full channel information of
large size, the beam training scheme directly estimates the
physical directions of channel paths [20], which is realized by
using directional beams through a training procedure between
the base station (BS) and users. Thanks to the quasi-optical
characteristic of THz channel [21] and the accurate physical
directions obtained by beam training, the beam selection
based precoding method is able to achieve the near-optimal
achievable sum-rate when users are quasi-static [22]-[24].
Unfortunately, the beam training scheme suffers from a high
training overhead when users are moving. Specifically, since
the optimal beam of a moving user varies fast due to the
narrow beam width, the beam training procedure has to be
carried out frequently, and thus results in a high beam training
overhead. Therefore, to reduce the beam training overhead for
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mobile users, an efficient beam tracking scheme is required
for practical THz massive MIMO systems [25]-[30].

A. Prior Works

The existing beam tracking schemes can be generally
divided into two categories. The first category mainly relies
on the user mobility model [25]-[27]. The second cate-
gory is codebook-based beam tracking, where a training
procedure between the BS and the user is carried out
to find out the optimal beam from a predefined beam
codebook [28]-[30].

For the first category of beam tracking schemes, the key
problem is how to model the user mobility. Specifically, [25]
assumed that the user mobility satisfies the first-order Gauss-
Markov model, and an extended Kalman filter method was
proposed to track the optimal beam. To improve the beam
tracking accuracy, the user mobility was further formulated as
a kinematic model, and a modified unscented Kalman filter
was exploited to track the channel angles more accurately
[26]. In addition, based on the linear motion model defined
by user physical direction and user velocity, a priori-aided
beam tracking scheme was proposed in [27]. Nevertheless,
this category of beam tracking schemes highly relies on the
user mobility model as a priori, which may be inaccurate and
cannot be easily obtained, especially in THz massive MIMO
systems.

The second category of beam tracking schemes depends on
the design of codebook-based beam training algorithms, where
each codeword in the codebook determines a directional beam.
For instance, [28] searched the optimal beam among a beam
codebook containing potential beams through a single-sided
exhausted training procedure. To reduce the unacceptable
beam training overhead caused by the large codebook size
in [28], an adaptive search scheme was proposed by using
the hierarchical codebook, which consists of different beam
codewords with different angular coverages [29]. To further
accelerate the beam tracking procedure, an auxiliary beam
pair based beam tracking scheme was proposed in [30], where
the optimal beam was obtained based on the user received
signals of two auxiliary beams generated by two extra RF
chains. Note that codebook-based beam tracking schemes have
been widely considered in millimeter-wave massive MIMO
systems [31].

Although the existing beam tracking schemes above
[25]-[30] can achieve the acceptable performance, they are
only suitable for narrowband systems with the traditional
hybrid precoding structure. In wideband THz massive MIMO
systems, since the hybrid precoding structure cannot mitigate
the serious beam split effect, these schemes will suffer from
a severe performance degradation. Consequently, an efficient
wideband beam tracking scheme is essential for wideband THz
massive MIMO systems. Recently, several wideband beam
tracking or training scheme have been proposed. Specifically,
a fast tracking scheme based on frequency-dependent beams
generated by true-time-delay array was proposed in [16].
While, due to the large number of antennas, utilizing true-time-
delay array will introduce unacceptable energy consumption
in THz massive MIMO. [17] proposed a codebook based beam
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training scheme based on an array-of-subarray structure with
a reduced number of time-delayers. Nevertheless, the code-
book in [17] is fixed and cannot be well adapted to user
motion. In addition, [32] proposed a fast wideband tracking
scheme in THz communications by utilizing the property that
wideband THz signals emitted from a single leaky waveguide
will split into different directions. However, the scheme in
[32] can only be adopted when a single leaky waveguide is
employed, which will cause a limitation on transmission dis-
tance. Therefore, to the best of our knowledge, the wideband
beam tracking problem for wideband THz massive MIMO has
not been addressed in the literature.

B. Our Contributions

To fill in this gap, we propose a beam zooming based
beam tracking scheme to solve the wideband beam tracking
problem in THz massive MIMO systems. For the wideband
systems, the severe performance loss caused by the beam split
effect must be eliminated. Thus, in this paper we consider
the delay-phase precoding structure [18], which has been
proved to be able to achieve the near-optimal achievable
sum-rate performance with acceptable energy consumption in
wideband THz massive MIMO systems. The contributions of
this paper can be summarized as follows.

o We reveal the beam zooming mechanism by analyzing
the angular coverage of frequency-dependent beams gen-
erated by the delay-phase precoding structure. We show
that by the elaborate design of time delays, i.e., the
frequency-dependent phase shifts, the angular coverage of
these beams can be flexibly zoomed to achieve a required
angular range. This mechanism to flexibly control the
angular coverage, i.e., the degree of beam split effect,
enables us to generate multiple beams simultaneously by
using only one RF chain, which is impossible for existing
schemes.

o Based on the beam zooming mechanism, we propose
a beam zooming based beam tracking scheme to solve
the wideband beam tracking problem. In the proposed
scheme, multiple user physical directions are tracked by
multiple frequency-dependent beams in each time slot.
By leveraging the beam zooming mechanism, the angular
coverage of these beams can be flexibly controlled to
cover a fraction of the potential variation range of the
user physical direction. After the whole variation range
of the user physical direction has been tracked, the BS
can obtain the optimal beam based on the user received
signal power. Unlike traditional beam tracking schemes
which usually track only one user physical direction in
each time slot, the proposed scheme is able to track
multiple user physical directions in each time slot by
actively controlling the angular coverage of frequency-
dependent beams, i.e., the degree of beam split effect.
Thus, the beam training overhead can be significantly
reduced.

o We further provide the theoretical analysis of the required
beam training overhead and achievable sum-rate perfor-
mance of the proposed scheme. The relationship between
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the achievable sum-rate and the beam tracking accuracy
will also be revealed. The analysis shows that, the pro-
posed scheme can achieve the near-optimal achievable
sum-rate with very low beam training overhead, which is
supported by extensive simulation results.

C. Organization and Notation

The remainder of this paper is organized as follows.
In Section II, the system model of wideband THz massive
MIMO systems is introduced. In Section III, we first discuss
the direct application of the typical beam tracking scheme [28]
by using the delay-phase precoding structure. Then, the beam
zooming mechanism to flexibly control the angular coverage
is revealed, based on which we propose a beam zooming
based beam tracking scheme to realize efficient beam tracking
with low beam training overhead. In Section IV, theoretical
analysis of beam training overhead and achievable sum-rate
is provided. Section V shows the simulation results. Finally,
conclusions are drawn in Section VL.

Notation: Lower-case and upper-case boldface letters repre-
sent vectors and matrices, respectively; ()7, (+) “|lF, and
| - | denote the transpose, conjugate transpose, Frobenius
norm, and k-norm of a matrix, respectively; H[i, 7 denotes the
element of matrix H at the i-th row and the j-th column; E(-)
denotes the expectation; | - | denotes the absolute operator;
Iy represents the identity matrix of size N x N; blkdiag(A)
denotes a block diagonal matrix, where columns of A repre-
sent the diagonal blocks of the matrix blkdiag(A) in order;
CN (1, X) denotes the Gaussian distribution with mean p and
covariance 3; Finally, I/ (a, b) denotes the uniform distribution
between a and b.

II. SYSTEM MODEL

In this section, we introduce the system model of the
wideband THz massive MIMO system. Specifically, the wide-
band THz ray-based channel model is illustrated at first. Then,
the delay-phase precoding structure and the corresponding
precoding design is explained. Finally, we present the widely
considered frame structure for beam tracking.

A. Channel Model

In this paper, a multi-user wideband THz massive MIMO
system is considered. The BS with an /N-antenna uniform lin-
ear array is employed to serve K single-antenna users by using
orthogonal frequency division multiplexing (OFDM) with M
subcarriers.” The bandwidth is denoted as B. We consider
the widely used ray-based channel model for wideband THz
channel [7]. Specifically, the downlink channel of the k-th user
at the m-th subcarrier hy, ,,, € C**N with k = 1,2,..., K and
m =1,2,..., M can be denoted as

= 50 (v0,) + Zﬁff’m £, o

!'Simulation codes are provided to reproduce the results presented in this
paper: http://oa.ee.tsinghua.edu.cn/dailinglong/publications/publications.html.

2We consider the uniform linear array for simplifying the expression in
this paper. Please note that our proposed scheme can be also utilized in THz
massive MIMO systems with uniform planar array.
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where (l) = g,(cl)me_j’"é”fm for I = 0,1,...,L — 1 with
g,(f)m and T,E ) being the path gain and the time delay of the -
th path for user k respectively, f,,, denotes the frequency of the
m-th subcarrier satisfying f,, = f. + %(m -1- MQ M=1y with
fc being the central frequency, L denotes the number of paths,
d)kom is the spatial direction of the line-of-sight (LoS) path of

the k-th user at subcarrier m, wk with [ =1,2,...,L —1
is the spatial directions of the non- LoS (NLoS) paths of the
k-th user at subcarrier m, and ay (wk’m) e CN*1 denotes the
array response vector presented as

0] )_L
k,m _\/N

) . 0) O]
T, w29, a(N—=1)
[1, 7™ km ™ Vem ¢ (N=1) kom]T

aN(
(2)

where the spatial directions w,(cl)m satisfy w,(cl)m =21 sin é,(cl)
for l = 0,1,...,L with él(f) being the physical direction of
the [-th path for the k-th user, d is the antenna spacing usually
set as half of the wavelength of the central frequency, i.e., d =
Ae/2 = fo/2c with A, denoting the wavelength at the central
frequency and c bemg the speed of light. For simplification,
we use 9 = sin 9k to represent the user physical direction
in this paper, whose value range is 9( €[-1,1].

In (1), we have considered the frequency—dependent path
gain g,(f)m Here, we focus on the path gain of the LoS path
g,(cor)n The free space path loss (FSPL) model can be utilized to
model the path gain of the LoS path [3]. Specifically, the path
gain of the LoS path at frequency f and transmission distance
D satisfies the following model [3] as

(g,i‘?n) [dB] = FSPL(f, D)[dB] = 32.4
+201logo(f) +20logyo D. (3)

Considering that transmission distance D is the same at
different frequencies for an arbitrary user, we can obtain the
relationship between the path gain at subcarrier m and central
frequency f. as

fn
g = —g,‘fi, “)

where g( ) is the path gain at the central frequency which is
assumed to be a real number without loss of generality.

Hybrid precoding structure as shown in Fig 1. (a) is widely
considered in THz massive MIMO systems, since it can
generate high-array-gain directional beams with acceptable
energy consumption [10]. Due to the severe loss incurred
by the scattering, THz communication heavily relies on
the LoS path [21], so the beam selection based precoding
method is near-optimal for multi-user THz massive MIMO
systems [22]-[24], where each user is served through a beam
aligned with its physical direction 9,(60) of the LoS path.
Generally, the directional beam for each user is generated
by frequency-independent phase-shifters (PSs) in hybrid
precoding structure. To be more specific, the beamforming
vector fi for the k-th user is usually set as f, = aN(H,(CO))
[24] to generate a directional beam aligned with the physical
direction of the LoS path of the k-th user.
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Fig. 1. Two different precoding structures: (a) Hybrid precoding structure;

(b) Delay-phase precoding structure [18].
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Fig. 2. Beam split effect and beams generated by the DPP structure: (a) The
beam split effect; (b) Beams generated by the DPP structure.

However, as shown in Fig. 2 (a), the beam generated by
the frequency-independent beamforming vector fj, = aN(H,(CO))
in wideband THz massive MIMO may split into different
physical directions at different subcarrier frequencies, which is
caused by the ultra-wide bandwidth and large antenna number.
This effect is called as beam split effect [18]3. Specifically,
as proved by Lemma 1 in [18], the beam generated by the
frequency-independent beamforming vector f, = aN(ngO))
will be aligned with the frequency-dependent physical direc-
tion 0y ., at subcarrier m as

Orm = (fo/ f) 01 = 017 /., )

where we define &, = fn/f. as the relative frequency
compared with the central frequency f.. It is clear from (5) that
the beam generated by the beamforming vector f;, may point to

3The mechanism of the beam split and the beam squint [12], [13] is similar.
While, the beam split can be seen as a serious situation of the beam squint
which may be more easier to occur in THz massive MIMO systems as
illustrated in [18].
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frequency-dependent physical directions at different subcarrier
frequencies f,,. Considering the ultra-wide bandwidth and the
very narrow beam generated by large number of antennas
in THz massive MIMO systems, the frequency-independent
beam generated by f, = aN(QI(CO)) cannot be aligned with
the user physical direction 9,(60) at most of the subcarriers,
as shown in Fig. 2 (a). As a result, the traditional hybrid
precoding structure will suffer from a severe achievable sum-
rate loss within the ultra-wide bandwidth, e.g., it is shown that
more than 60% performance loss will be introduced when the
bandwidth is increased from 1 GHz in mmWave systems to
10 GHz in THz systems [18].

B. Delay-Phase Precoding

To cope with the severe performance loss caused by the
beam split effect, we have recently proposed the delay-phase
precoding (DPP) structure in [18]. In the DPP structure, a time-
delay network is introduced as a new precoding layer between
RF chains and PSs network as shown in Fig. 1 (b), which
transforms the frequency-independent analog beamforming
into the frequency-dependent analog beamforming by utilizing
the frequency-dependent phase shifts provided by time delays.
It has been proved that the DPP structure is able to mitigate
the severe achievable sum-rate loss caused by the beam split
effect with an acceptable energy consumption [18].

Therefore, in this paper, we consider the DPP structure
at the BS, where each RF chain connects to all the antenna
elements via time-delayers (TDs). Specifically, each RF chain
connects to Ky TDs, and these K4 TDs will be connected to
all N antenna elements via PSs without overlapping, i.e., the
7-th TD is connected to P antenna elements with index from
(j—1)P+1to jP via P PSs, where P = N/K is assumed
to be an integer. In this paper, we also set the number of RF
chains Nyrp equal to the number of users K, i.e., Ngr = K
[24]. Then, the received signal y,, € CK*! at the m-th
subcarrier for all K single-antenna users can be denoted as

Ym = H,A,D,s+ n, (6)
where H,, = [hi,, hi .. ... hi |7 € CF*N denotes
the downlink channel matrix between the BS and K
users at the m-th subcarrier, A,, € CV*X denotes the
frequency-dependent analog beamformer realized by PSs
and TDs, D,, € CK*K is the digital precoder satisfying
the power constraint ||A,,D,, . yllr < p with p being
the transmission power for each user, and n € CE*1 is the
AWGN noise following the distribution CA/(0, 0%1 ) with o
presenting the noise power. By introducing TDs, the analog
beamformer A, is separated into two parts as A,,, = ASA?,L.
On one hand, A® € CN*EKaE = [A3 A5 ... A%]
is realized by frequency-independent PSs, where
AZ e CNxKa = blkdiag([akyl, Ak,2y -y ak,K]) with
a;;,4,7 = 1,2,..., K denoting the beamforming vector
provided by the P PSs connected to the j-th TD corresponding
to the i-th RF chain. Note that due to the use of PSs, each
element of a; ; should satisfy constant amplitude constraint
as [a; j[p.ql = \/—% [33]. On the other hand, A¢, € CKaKxK
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is realized by TDs, which can be represented as

Afn = blkdiag ([e*j%fmtl , 67j277f7nt27 s efj%fth])

)

)

where t; € C%ax1 j = 1,2,..., K contains the time delays
provided by the K43 TDs that connected to the i-th RF
chain. From (7), we know that the TDs introduce frequency-
dependent phase shifts into the analog beamformer A,,,
which enables the frequency-dependent analog beamforming.
Without loss of generality, we define the k-th column of
the analog beamformer A,, as the frequency-dependent
beamforming vector for the k-th user at subcarrier m, which
can be denoted as fr,, = Apy = Aje 72 mt The
criterion on how to choose the optimal value of the number
of TDs K, is important for the design of the DPP structure,
which has been well adressed in the previous work [18].

As illustrated in Fig. 2 (b), by utilizing the frequency-
dependent phase shifts in (7), the DPP structure can mitigate
the beam split effect by generating beams aligned with the
user over the whole bandwidth. To realize this goal, [18]
has proved the principle to design the frequency-dependent
beamforming vectors f}, ,,, i.e., the PSs still generate a beam
aligned with the user physical direction 9,(60) , while time delays
provided by TDs are elaborately designed to rotate beams over
different subcarrier frequencies to the user physical direction
9,20). Specifically, to mitigate the beam split effect for the k-th
user, the analog beamformer A} which contains phase shifts
provided by PSs and the time delays provided by TDs ty
should follow the form as [18]

i = biidiag ([ap(0)”),ap(6"), ... ar(6)”)]), (®)

K4 columns

tr = spTep(Ka), 9
Sp = — (Po,(f)) /2, (10)
where T, = i is the period at the central frequency fe,

s, denotes the number of periods that delayed by TDs, and
p(Ky) is defined as p (Kq) = [0,1,...,Kq — 1]7. Based
on (8), (9) and (10), the frequency-dependent beamforming
vector fj, ., = ASe™7 2mfmts can generate beams aligned with
the user physical direction over the whole bandwidth. Thus,
the severe performance loss caused by the beam split effect
can be eliminated, which makes the DPP structure promising
for wideband THz massive MIMO systems.

C. Frame Structure

In this subsection, we introduce the frame structure as
shown in Fig. 3, which has been widely used in the literature
for THz communications [29], [34]. Two factors that influence
the THz channel have been considered: 1) the disappearance or
appearance of the LoS path due to environmental changes, e.g.,
blockage by the vehicles; 2) the change of the user physical
direction caused by the user mobility.

Firstly, the time period between the successive LoS path
disappearance or appearance is defined as a block, and the
estimation of the full channel for each user is carried out at the
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Fig. 3. The frame structure for THz communications.

beginning of each block. Then, in a block, the variation of the
physical direction of the LoS path induces the change of the
optimal beam in a much smaller time scale, which is defined
as a frame. At the beginning of each frame, the beam tracking
scheme is carried out, where new user physical directions
are tracked through a beam training procedure. This beam
training procedure usually lasts several time slots. In different
time slots, the BS transmits training pilot sequences to users
by using different beamforming vectors. Based on new user
physical directions obtained by beam tracking, the analog
beamformer A,, can be determined to generate directional
beams for each user according to (8), (9) and (10). Thus,
the received signal y,, at users can be converted to

(1)

where H,, oq = H;, A, is the equivalent channel. Since the
equivalent channel H,, o of size K x K is low-dimensional,
it can be estimated through traditional channel estimation
methods with a low overhead during the equivalent channel
estimation period. After that, the digital precoder D,,, can be
determined based on the equivalent channel H,, o4 by using
existing precoding methods, e.g., zero-forcing (ZF) [35] or
minimum mean square error (MMSE) [36]. Finally, the user
data is transmitted by using the analog beamformer A,, and
the digital precoder D,,, during the data transmission period.
In the above frame structure, the accuracy of beam tracking
scheme has a crucial impact on the achievable sum-rate per-
formance. Unfortunately, the existing beam tracking schemes
[25]-[30] designed for narrowband systems with the traditional
hybrid precoding structure cannot deal with the beam split
effect, which will result in a serious achievable sum-rate
performance loss in wideband THz massive MIMO systems.
Therefore, an efficient wideband beam tracking scheme is
required for wideband THz massive MIMO systems.

Ym = Hm,qumS +n,

III. THE PROPOSED FLEXIBLE BEAM ZOOMING BASED
BEAM TRACKING METHOD

In this section, to solve the wideband beam tracking problem
in wideband THz massive MIMO systems, we propose a
beam zooming based beam tracking scheme by exploiting
the DPP structure. Specifically, we first discuss the direct
application of a typical beam tracking scheme [28] using the
DPP structure, which serves as a benchmark for comparison.
Then, we prove the beam zooming mechanism that different
user physical directions can be tracked simultaneously by
flexibly controlling the degree of the beam split effect. Finally,
based on the beam zooming mechanism, a beam zooming
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based beam tracking scheme is proposed with low beam
training overhead.

A. Typical Beam Tracking Scheme Using DPP

In the typical beam tracking scheme [28], the optimal
beamforming vector for a specific user is selected out from a
beam codebook through a training procedure between the BS
and the user. Each codeword in the beam codebook determines
a potential beam aligned with a unique physical direction.
In different time slots during beam tracking, the BS transmits
training pilot sequence to each user using different codewords
in the codebook. Then, the codeword with the largest received
power is selected out as the beamforming vector for the next
frame. However, the typical beam tracking scheme [28] is
designed for narrowband systems with the traditional hybrid
precoding structure, and it cannot be directly applied in the
DPP structure. Therefore, we first discuss the adaptation of
the typical beam tracking scheme [28] to the DPP structure,
which can serve as the benchmark for comparison.

The physical direction of the k-th user at the i-th frame
can be denoted as 9,(:?3 , and the target of beam tracking is

(0)
Oit1

based on 9,(602 Generally, the prior information of user mobility
can be exploited to narrow the angular tracking range. In this
paper, we assume a simple prior information that the BS knows
the potential variation range of user physical direction «y, for
the k-th user, which means 9,(602 41 lies in an angular tracking

to track the physical direction at the (i + 1)-th frame

range as [9,(602 —ag, 9,(33 + av]. This variation range oy, can be
obtained through control signaling or efficient user trajectory
prediction in advance [37].

Based on the above description, the procedure of the typical
beam tracking scheme [28] using the DPP structure can be
explained as follows. We denote 7' as the beam training
overhead, i.e., the number of time slots used for beam tracking.
In the t¢-th time slot with ¢ = 1,2,...,7T, the beamforming
vector f}, ,,, is designed according to (8), (9) and (10) to form
a beam aligned with the physical direction @,(Ctz over the whole
bandwidth for the k-th user, as shown in Fig. 4. The physical
direction @,(Ctz in each time slot ¢ satisfies

0 =0\ —ap + (2t — 1)%.

(12)
In this way, these physical directions é,(cfz,t =1,2,...,T can
uniformly cover the angular tracking range [9,202 - ay, 9,202 +
ay]. Then, the BS transmits pilot sequence using the beam
aligned with physical direction é,(fz to the k-th user in the ¢-th

time slot. After 7" time slots, the physical direction 9,202 41 can

be selected out from 7" physical directions é,(f;, t=1,2,...,T
by finding the physical direction corresponding to the largest
user received power. Finally, a beam aligned with 9,(602 41 can
be generated to serve the user in the (¢ + 1)-th frame. Note
that in the DPP structure, KX beams for all K users can be
generated at the same time as described in Subsection II-B.
Therefore, the beam tracking procedure for all K users can
be carried out simultaneously.
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(i + 1)-th frame (i + 1)-th frame

Beam at the (t + 1)-th
time slot at f1, f5, fyr

Beam at the t-th time .
slot at f1, f5,* fu ' /

Fig. 4. The typical beam tracking scheme [28] adapted to the DPP structure:
(a) the beams generated by the DPP structure at the t¢-th time slot; (b) the
beams generated by the DPP structure at the (¢ + 1)-th time slot.

The typical beam tracking scheme using the DPP structure
can realize beam tracking without the loss of the achievable
sum-rate performance. Nevertheless, since the typical beam
tracking scheme searches the tracking range exhaustively,
the required beam training overhead is too large to achieve
sufficient beam tracking accuracy, especially when the narrow
beam width is considered in THz massive MIMO systems.
For example, when N = 256 and o = 0.1, the beam training
overhead 7" should be larger than 52, which is unacceptable
in practice. Consequently, the solution to realize low-overhead
beam tracking is essential for THz massive MIMO systems.

B. Beam Zooming Mechanism

The main reason for the high beam training overhead of the
typical beam tracking scheme [28] is that, only one physical
direction can be tracked in each time slot. This cannot be easily
solved by the traditional hybrid precoding structure, since only
one frequency-independent beam can be generated by using
frequency-independent PSs connected to one RF chain over
the whole bandwidth. In contrast, by introducing time delays,
the DPP structure is able to not only mitigate the beam split
effect, but also to flexibly control the angular coverage of the
generated frequency-dependent beams, i.e, control the degree
of the beam split effect. If the beams at different subcarriers
are aligned with different user physical directions to cover the
angular tracking range [9,(602) —ag, 9,(:?3 + av;], multiple potential
user physical directions can be tracked simultaneously. In this
way, a much lower beam training overhead can be expected.
Inspired by the above idea, in this subsection we reveal the
beam zooming mechanism that can flexibly control the angular
coverage of the frequency-dependent beams generated by the
DPP structure as shown in Fig. 5.

To better reveal the beam zooming mechanism, we first
provide a useful Lemma 1 as the basis of the beam zooming
mechanism, where we ignore the frame index ¢ for simplifi-
cation. Lemma 1 describes how the DPP structure adjusts
the physical direction that the frequency-dependent beam
is aligned with. Specifically, the physical direction that the
generated beam is aligned with can be flexibly adjusted from
the physical direction determined by the beam split effect to a
new physical direction, which is determined by the frequency-
dependent phase shifts provided by TDs.

Lemma 1: When the analog beamformer A3~ which
contains phase shifts provided by PSs is designed
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(i + 1)-th frame o (i + 1)-th frame

Beam on 6,
E at f,
Beam on Bk 1
at fy /

Beam on 9,50)

at f,

Beam on 6(0)/51
at fy

* Beam on 9,&0)/51.,,

Beam on 8y 3
at fiy

> at f;
o M

(2) (b)

Fig. 5. Beam zooming mechanism: (a) The beams without control by TDs;
(b) The beams generated based on Lemma 2.

to generate a beam aligned with physical direction
én as Ay = blkdiag (ap(qsk)ei’meT(Kd)
time delays provided by TDs satisfies e 727 Imtx
[1,ed™Prm eim2Bm ,ej’T(Kd’l)ﬁ’cv’"]T, the beamforming
vector fi, , = AZe*j 2nfmts gt the m-th subcarrier frequency
fm can form a beam aligned with the physical direction 0y, y,
as

and

ﬂ + ﬁk_m
E&n  &mP
where Bjm € [—1,1] denotes the frequency-dependent phase
shifts provided by TDs, P = N/Kq, and n(fim,0, fm)
denotes the array gain achieved by the beamforming vector
fr.m on an arbitrary physical direction 0 € [—1,1] at the m-
th subcarrier frequency f,. Moreover, the array gain achieved
by fi. n, satisfies

ék,m = argmaaXn(fk,m,@,fm) (13)

-
n(fk,m; 0, fm) = N|:‘Kd, (P(¢k - gmg) + 6k,m)
X Ep(¢r —&mb)], (14)
where Zx(a) = sin —a/N sin fo is the Dirchlet sinc
function.

Proof: By transforming the physical direction ¢ to its
spatial direction ?—’; at the m-th subcarrier, (13) and (14) can
be easily proved by using Lemma 2 in [18].

Lemma 1 reveals that, the physical direction ék,m that
the beam generated by beamforming vector fj, ,, is aligned
with, can be flexibly adjusted by setting different frequency-
dependent phase shifts [ ,,, provided by TDs. It is worth
noting that the range of the physical direction adjustment
decided by the frequency-dependent phase shift (3., (i.e.,
the second term 2 ’“’32 in (13)) is limited by the value range of
Biom a8 Bim € [—ml, 1]. When S, € [—1, 1] is not satisfied,
the beamforming vector fj ,, cannot generate a directional
beam with sufficient array gain, which has been proved by
using (14) in [18].

Based on Lemma 1, we further reveal the beam zooming
mechanism in the following Lemma 2. It proves that by
the elaborate design of phase shifts provided by PSs and
TDs, the angular coverage of beams generated by frequency-
dependent beamforming vectors fj ,,,m = 1,2,..., M can
be flexibly zoomed.

Lemma 2: Consider the k-th user and define a phys-
ical direction ¢, as ¢ = 9,&0) + (1 — &)y
When the number of periods that delayed by TDs is

1699
c
©
(=)
>
g
®
o
(5]
N
©
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o
z
0 2 & RS 2SN ANEIS VA Y. &
-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01
Physical direction
Fig. 6.  The beam pattern of beams generated by the beam zooming

mechanism with parameters 00" = —0.025, aj, = 0.025, M = 32,

N = 256, f. =100 GHz, B = 10 GHz.
Sk <¢7 + QSZ&EM) the analog beamformer satisfies

A3 = blkdiag (ap(qbk)63”(P¢’“+23’“)pT(Kd)
delays provided by TDs t), = s;pT.p(Kq), the beamforming
vector fy, ., = A;‘ie‘ﬁ”f’"tk for the k-th user at the m-th
subcarrier can form a beam aligned with the physical direction

Opm as

) and the time

n 2§M€1 (fm - 1)
O =0 4 1-&)ay + ————a. (15
m =0 e &)
Moreover, the M physical directions ék,m, m =
1,2,...,M can cover the whole angular tracking range

[9,20) — Q. 9,&0) + ay] of the k-th user.

Proof: See Appendix A. |

The beam zooming mechanism proved in Lemma 2 illus-
trates that through the elaborate design on phase shifts and
time delays, the angular coverage of beams can be flexibly
controlled according to the required angular tracking range as
shown in Fig. 5 (b), but not determined by the beam split effect
which is shown in Fig. 5 (a). To give a better illustration of
the beam zooming mechanism, we provide the beam pattern of
generated beams at different subcarriers in Fig. 6, with para-
meters 6" = —0.025, oy = 0.025, M = 32, N = 256, f. =
100 GHz, and B = 10 GHz. We can observe from Fig. 6 that
the beam zooming mechanism generates correct beams with
angle-domain coverage [—0.05, 0]. Therefore, we can conclude
that the beam zooming mechanism can be utilized to generate
frequency-dependent beams to track different user physical
directions at the same time.

C. Beam Zooming Based Beam Tracking Scheme

Based on the beam zooming mechanism above, we propose
a beam zooming based beam tracking scheme in this sub-
section. The key idea of the beam zooming based scheme is
shown in Fig. 7. In each time slot, the angular coverage of
frequency-dependent beams generated by the DPP structure
is flexibly zoomed to adapt to the angular tracking range
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Algorithm 1 Proposed Beam Zooming Based Beam Tracking

Scheme

Inputs:
Physical directions 6\° 3; Variation range of user physical
direction «; Beam tr7ackjng overhead T'; The number of
pilots in each time slot @; The number of TDs connected
to a RF chain Ky;

Output:
Physical directions Hk i1

10 =0 — ay, + B

. (t) (t) ak 26m61(Em—1) a

: gk’vmf B %ffen—?:)(l - 512(1%; ’ —%g(g”’—é)) * (1)
3 U = 00000200 Ok nrir Ok 1ioOnoi- - Opnril
4: for t € {1,2,...,T} do

. (t):g() +(1—&)%

. k i,cen )T

6: (t) __P ( (t) 28m &1 o )

C Sk (§M*51)T

7 Ay = blkdiag (ap(gf)erFo 2R )

8t = s\ T.p(Kq)

9: flgt:n — A (1) g—j2m frnt”

0 Al = [fl(t}n, £ D
11: Ym,,t = fimHm,A'(rrtl) Q'(rfz) + N(t)
12: end for
t
13: (tk; mk) = argmax HYm,t qi )m H2
te1,2,....,T,mel,2,....M
0)  _ gtt+l
140050 = W (1) Moma]

15: return 6 ; ;.

(i + 1)-th frame (i + 1)-th frame

Beams in time ,,'
slott =2

Beams in time |
slott =1

Fig. 7. The proposed beam zooming based beam tracking scheme with
training overhead 7" = 2: (a) Beams generated in time slot ¢ = 1; (b) Beams
generated in time slot ¢ = 2.

based on the beam zooming mechanism. Specifically, these
beams are designed to cover a fraction of the required angular
tracking range. Then, multiple user physical directions in this
fraction of angular tracking range are tracked simultaneously.
The above procedure is carried out for 7" times in all T time
slots until the whole angular tracking range is tracked. Finally,
the physical direction of each user in the next frame can be
obtained by finding out the physical direction corresponding
to the largest user received signal power.

The specific procedure of the proposed beam zooming based
beam tracking scheme is provided in Algorithm 1. The target
of Algorithm 1 is to obtain the physical directions of users

9,&02 41 at the (74 1)-th frame based on the user physical direc-

tions at the ¢-th frame 9,(6?3 for all K users k =1,2,..., K.

IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 39, NO. 6, JUNE 2021

At first, the user physical directions that will be tracked i 1n the
t-th time slot are calculated in steps 1 and 2, where 9k i,cen
denotes the central physical direction of the ¢-th fraction of the
angular tracking range [9(0) —ap+ M 9(0? —ai+ m],
and 0\ denotes the physical dlrectlon that w1ll be tracked

k,m,i
at the m-th subcarrier in the ¢-th time slot as

; 2 m 1
9( Hl(ctz cen (1 - gl)a_k_'_ €M€1 (g )ak’-

T & —&)T

Then, all potential user physical directions that will be tracked
in T" time slots are combined as a target physical direction set
Tt in step 3.

After the target physical direction set has been built, these
physical directions are tracked in 7" time slots to guarantee
the whole angular tracking range will be searched. In the ¢-th
time slot, beams that cover the ¢-th fraction of angular tracking
range [9,&02 — oy, + %7 glio) o+ Qt()(k] are generated by
the DPP structure in steps 5—10, where the analog beamformer
A,, is calculated based on the parameters in Lemma 2.
Specifically, in steps 5 and 6, d),(f) and s(t) is calculated as

(16)

= 0 e+ (1 - Q)T a7)
W _ _Plw, 2ubion ) 18
ok 2 ( - (Em—&)T ) (15)

Then, in steps 7 and 8, phase shifts provided by frequency-
independent PSs AS’(t) and time delays provided by TDs
t(t) are designed. As proved in Lemma 2, when ¢(f)
and s( ) satisfy (17) and (18), the beams generated by
f,gtzn = Ak’(t)e_ﬁ”f’" &, ,m = 1,2,..., M are aligned with
the physical directions 9,& 3,1 am=12.
responding to the target user physical directions in \Il}fl This
enables that the ¢-th fraction of angular tracking range will
be covered. Based on AZ’(t) and t,(:), the analog beamformer
in the ¢-th time slot Aﬁ,? is calculated in steps 9 and 10.
After the analog beamformer Agf,,) has been calculated,
the BS transmits training pilot sequence q,(f)m € C9*1 in total

() instants by using AS;? in the t-th time slot for the k-th
user at the m-th subcarrier. As shown in step 11, the received
signals of the training pilot sequences for K users Y,,, €
CK*Q at subcarrier m can be denoted as

Yt =tnH A(t)Qgrtl) +N®,

where QW [qgt)m,qé%,...,q(l? ¥ denotes the

pilot sequences of all K users with power restriction
ol g)mH ff)m =1,k = ., K, K 1s a normalization
coefficient to compensate for the frequency-dependent path
gain with k., = f./fm according to (4) which can be realized
by digital precoder. To mitigate the inter-user interference
caused by the overlapped user tracking range, we suppose
the pilot sequences for different users are orthogonal as

E?WH yzn = 0,7 # j. Based on the received signals, the user
can calculate the label ¢; and my of the user physical direction
in the next frame in step 13 by maximizing the power of the

product between the received signal and pilot sequence as

(20)

M, which is cor-

19)

argmax
LTmel,2,.. .M

t
(tr, M) = Y Jai, 3.

tel,2,.
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Finally, the BS can obtain the user physical directions Hk i1
for all K users through the feedback of ¢;, and my, in step 14.

Three points about the proposed beam zooming based beam
tracking scheme should be emphasized. Firstly, since beam-
forming vectors for different users are generated independently
by using different TDs and PSs in the DPP structure, the beam
tracking procedures of different users are not separated, but
simultaneously carried out. For instance, in the ¢-th time slot,
Aﬁf,,) generates required beams for all K users as shown in
step 9 of Algorithm 1. Secondly, the pilot sequence ql:,)m for
the k-th user is generated by the digital precoder D,,, and the
transmitted signal s. Specifically, the g-th pilot of the pilot

(t) : (t) (t) (®) T _

sequence q,,, satisfies [qum’[q] YD g qK7m![q]]
D,,s, where the digital precoder D,, and the transmitted
signal s can be designed according to the required pilot
sequence qg‘/)m, e.g., the pilot sequences qk for different
users is desiéned to be orthogonal with each other in order
to mitigate the inter-user interference [27]. Thirdly, when the
user is lost due to blockage, the proposed scheme can also
be utilized to quickly discover the user again. Specifically,
by settmg the parameter in Algorithm 1 as 9( ? = 0 and
ar = 1, the proposed scheme can realize a whole angle-
domain beam tracking, i.e., beam training. In this way, since
multiple physical directions are tracked simultaneously in our
proposed scheme, the user can be quickly discovered again
after blockage by an accelerated beam training procedure.

The advantages of the proposed beam zooming based
beam tracking scheme mainly lies in two aspects. Firstly,
by actively controlling the angular coverage of beams gener-
ated by the DPP structure, i.e., the degree of beam split effect,
the proposed beam zooming based beam tracking scheme
can generate beams aligned with different physical directions
simultaneously. Therefore, it can significantly reduce the beam
training overhead compared with the typical beam tracking
scheme which only tracks one physical direction in each
time slot. Secondly, with the same beam training overhead
T, the proposed scheme is able to track M times the number
of user physical directions as much as the typical beam track-
ing scheme. This increased number of tracked user physical
directions can improve the beam tracking accuracy. Theoretical
analysis in Section IV and simulation results in Section V will
verify these advantages.

D. Extension to Multi-Antenna Users

In this subsection, we will introduce how to extend our
proposed beam zooming based beam tracking scheme into
multi-antenna user case. In this case, we consider the K users
are each equipped with NV, antennas. We assume each user uses
a single RF chain and employs the DPP structure to mitigate
the beam split effect with K TDs.

Under this circumstance, the received signal y,, becomes

m=A H,A,,D,s+n, 20

where Af € CE*N:K denotes the frequency-dependent
analog combining vectors at the user side at subcarrier m
with A}, = blkdiag{[f} .5 ..., fk .7} i, € CV>!
represents the analog combining vector at the k-th user, which

1701

satisfies ff , = A}"e 27/ where A" € CN+*Ka denotes
phase shifts provided by PSs with similar form as A} and
t, € CKax1 denotes the time delays provided by TDs.
Besides, we should consider the channel model for multi-
antenna users, where the channel matrix H,, at the m-th
subcarrier H,, = [HT,, HT ... . HE |7 € CNF*N with
Hy,, € CNN | =1,2,..., K representing the channel of
the k-th user. Speciﬁcally, the channel of the k-th user Hy, ,,
can be denoted by the following the ray-based channel model

as
av. (Vi) o (vi0n).

where we only consider the LoS path and 1/)2,’7(72/) denotes the
spatial direction at the user side. Similar to the spatial direction
at the BS side z/;,(fzn, k’(yg) 2"lfm sin 52’(0) where 52’(0) is
the physical direction at the user side for the LoS path. Here,
we also utilize 92’(0) = sin 52’(0) € [-1,1] to represent the
physical direction at the user side.

In the multi-antenna user case with the above signal model,
the target of beam tracking changes into tracking the physical
directions at both the BS and the user side (9,&02 +1,9k,’7(£21)
at the (i 4+ 1)-th frame based on the physical directions
(QkUZ) .0, ’(0 ) at the i-th frame. Following the thought of the
class1cal beam tracking scheme [28] that the beam tracking
procedure at the BS side and the user side can be carried
out respectively with the other side fixed, the procedure of
the proposed scheme is able to be extended to multi-antenna
user case as follows, which is also shown in Fig. 8. Firstly,
the BS operates the proposed beam zooming based beam
tracking scheme with parameters 6 Z) and ay, while the user
generates a fixed omnidirectional beam The omnidirectional
beam can be realized by setting zero time delays and using
existing design scheme on phase shifts provided by PSs [29].

Then, after the BS obtains the new physical direction s

Hy. = B, (22)

k, z+l ’
the user performs the proposed scheme with parameters Hkéo)
and o}, (physical direction variation range at the user side),
while the BS generate beams towards the physical direction
19,(C 2 41~ Finally, the BS and the user perform beamforming
towards the obtained new physical direction (9,(603 H,H,‘;”(i(l)l)
according to (8), (9) and (10) during data transmission.
Since the proposed beam zooming based scheme can
realize fast beam tracking by tracking multiple physical
directions simultaneously, the beam training overhead of
the proposed scheme in multi-antenna user systems would
be also relatively small. It should be pointed out that the
omnidirectional beam at the user may cause array gain
loss. Fortunately, the proposed scheme, which only needs
feedback of subcarrier label from the user to the BS, does
not require a high data rate. Meanwhile, the BS with much
more antennas than the user can provide high array gain
in the first stage. Therefore, the omnidirectional beam
may have little effect on the proposed scheme in most
scenarios. While, to totally overcome this problem, it will
be better if a wide beam covering the angle-domain tracking
range [92’&0) - 27927,(10) + o] can be utilized. These wide
beams can be designed by slightly modifying some existing
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The beam tracking procedure for the proposed beam zooming based scheme in multi-antenna user case: (a) The BS performs beam zooming based

beam tracking while user generates omnidirectional beam; (b) The user operates beam zooming based beam tracking while the BS generate beams towards
the obtained new physical direction; (c) The BS and the user realize data transmission based on the physical direction obtained from beam tracking.

methods [38]. The achievable sum-rate performance of the
proposed scheme with multi-antenna users will be verified in
Section V.

IV. PERFORMANCE ANALYSIS

In this section, we provide performance analysis of the
proposed beam zooming based beam tracking scheme. At first,
the lower bound of the required beam training overhead of the
proposed scheme is derived. Then, we analyze the achievable
sum-rate performance of the proposed scheme. These analysis
reveals that the proposed scheme is able to approach the
near-optimal achievable sum-rate with very low beam training
overhead.

A. The Beam Training Overhead

In the proposed beam zooming based scheme,
the frequency-dependent beams generated in each time
slot should cover a fraction of the angular tracking range,
e.g., [‘91(2—041@-#%, 91(32 —ay,+ 2251 in the ¢-th time slot.
Therefore, in each time slot, the required angular coverage of
these frequency-dependent beams is %%. Note that this angular
coverage %+ cannot be realized for an arbitrary beam training
overhead T, since the range of physical direction adjustment
provided by the DPP structure is limited by the phase shifts
provided by TDs, i.e., Bxm € [—1,1]. Under this limitation,
which has been described in Subsection III-B, when the
beam training overhead 7" is too small, the beam zooming
mechanism cannot generate frequency-dependent beams that
cover a large angular range %+. Hence, by considering the
limitation of the DPP structure, we prove the lower bound of
the required beam training overhead 7},;, in this subsection.

Specifically, recalling the frequency-dependent phase shifts
provided by TDs ), in Lemma 1, it should satisfy 5. ,,, €
[—1,1]. Therefore, by substituting the relationship between
Brm and sy as B m = 2(&y, —1)sy in (48) in the Appendix A
into By m € [—1, 1], we can obtain that the number of period
s,(f) that delayed by TDs for the k-th user in the ¢-th time slot
should meet

2(1 - &n)s))| <1 (23)

Note that in the proposed beam zooming based beam tracking
scheme, the number of period that delayed by TDs s,(f) is
designed as shown in (17) and (18). Thus, by substituting (17)
and (18) into (23), we can obtain the inequality that the beam
training overhead 7" should satisfy

~P(1 = ) (B ot (1 = 1) ot

- gl)?—'— (Em — §1)T)> ‘ =t
(24)

According to step 1 in Algorithm 1, the central physical

direction of the t-th fraction of tracking range ot is

k,i,cen
é,(fyz’cen = 9,(33 —ay+B1% Thys, by substituting é,(fyz’cen =
9,&02 —ap + % into (24), we obtain
P(1=&u)(0}) = )T+ mar| ST, (25)
where we define v, ,,, as
2
Yom = P(1 = &) (2t —+ ﬂ) )
Ev — &1

in whicht=1,2,....Tand m=1,2,..., M.

From the inequality in (25), we can derive the lower bound
of the required beam training overhead 7},;,, for the proposed
beam zooming based beam tracking scheme. Specifically,
according to (25), we know that the training overhead 7" should
satisfy the following two inequalities as

(1= PO 6O — o)) T > vomon,
(1+ PO =60 = ) T = ~y1mar.

We first consider the case that m > M/2. When m > M/2,
based on (26), we can easily know that v ,, < 0,f =
1,2,...,T. In addition, as proved by Lemma 3 in Appen-

dix B, (1 +P(1— fm)(Ql(fg - ak)) > 0 holds. Therefore,

since ¢, < 0 and (1 + P(1— §m)(9,(£3 - ozk)) > 0, when
m > M/2, we have

27)

Tt m Ok
(1+ P01 =)0 — an))

T> - —7.  (28)
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Similarly, for the case m < M /2, we can obtain

’Yt,mak
(1- PO =& (6 — o)

Combining (28) and (29), we know that the lower bound of the
require beam training overhead T},;, should be the smallest
integer that satisfies (28) and (29) for any time slot ¢, subcarrier
m and physical direction 9,&02 € [-1,1]. Therefore, Ty, can
be denoted as

Thin = | max max T1, max o . (30)
m>M/2,009 ¢ m<=M/2,00°) ¢

kyi? kyi?

T >

= T9. (29)

The above analysis provides the lower bound of the required
beam training overhead T, of the proposed scheme, which
is shown in (30). We can observe from (28), (29) and (30)
that when the angular tracking range (i.e., ;) becomes larger
or the bandwidth becomes larger (i.e., &,, becomes larger
when m > M/2 or &, becomes smaller when m < M/2),
the lower bound of the required beam training overhead 7Ty,
becomes larger. This implies that when the user is moving fast
or the system bandwidth is quite large, the proposed scheme
requires longer time to track the user. Fortunately, since
multiple user physical directions are tracked simultaneously in
our proposed scheme, the lower bound of the required beam
training overhead Ti,i, is usually much smaller than that of
the typical beam tracking scheme [28]. For example, when
N =256, Kq =16, M =128, aj, = 0.1, f. = 100 GHz, and
B = 10 GHz, we have Ty, = 2 from (30), which is much
smaller than the beam training overhead 7" = 52 of the typical
beam tracking scheme [28] as discussed in Subsection III-A.
Simulation results will also verify this analysis in Section V.

B. The Achievable Sum-Rate Performance

The beam tracking accuracy has a big impact on the
achievable sum-rate performance, since the beams cannot be
aligned with users when the beam tracking result is inaccurate.
In this subsection, we will theoretically establish the relation-
ship between the achievable sum-rate and the beam tracking
accuracy. The analysis will illustrate that the proposed scheme
is able to achieve the near-optimal sum-rate performance by
increasing the number of tracked user physical directions.

Specifically, in the data transmission period, the achievable
sum-rate I? can be represented as

K M

R=2_> Brm=
11

where Ry, ,, denotes the achievable rate of the k-th user at the
m-th subcarrier, and (. ,,, presents the corresponding signal-
to-interference-plus-noise ratio (SINR) as

_ [0 A Do -1
T K

Sk B A Do s
We consider high signal-to-noise ratio situation and utilize

the classical ZF method [35] to design the digital precoder
D,, as

K M

Z ZlogQ(l + Ck,m)v
1

1

€19

‘ 2

Ck,m

_ . (32)
+ 02

D, =HY  (H,.H?, )T, (33)

m,eq
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where the power normalization matrix I is a diagonal matrix,
whose diagonal elements are designed to satisfy the transmis-
sion power constraint |[A,,D,, . /|3 = p. Thus, the power
normalization matrix I' satisfies

-1
I‘UW] (Hfr{,equ,eq)
x A,,HZ

m,eq (

H,, cqAl
H,, . H? )7

m,eq

Tiw=p. (34)

Note that in the data transmission period, the analog beam-
former A,, generates beams towards user physical directions
9,(60), k = 1,2,..., K, which are designed according to (8),
(9) and (10). Without loss of generality, we assume that the
user physical directions Héo),k = 1,2,..., K for different
users are resolvable in the angle domain, which means that the
users are served by different beams in the same frame. This
assumption is reasonable due to the narrow beam width in THz
massive MIMO systems. Thus, by utilizing the approximate
orthogonality of different beamforming vectors [39], we have

APA,, ~ 1. (35)

Substituting (35) and H,,, oq = H,,A,,, into (34), we have

—1
F[k,:] (AgHgHmAm) F[:,k] = p. (36)

Since THz communications heavily rely on the dominant
LoS path, we consider the case that the channel only con-
tains a single LoS path, i.e., L = 1. Thus, the channel
H,, satisfies H,, = [hf  hl .,hITCm]T and hy ,, =

1,m>*2m» -

,(C?zlaﬁ ,(COZW) according to (1). In addition, the analog
beamformer A,, consists of beamforming vectors as A,, =
[£1,msf2,m, - ., fx m]. Considering the array gain achieved
by the beamforming vector f;, ,, on the user physical direc-
tion 9,(60) at the m-th subcarrier frequency f,, is defined
as n(fkm,e,(f),fm) = |afi( z(c?il)fkmz/h the elements of the
matrix H,, A, satisfy

|(HmAm)[u,v]| = | g?zna%(wq(gzn)fv,ﬂ
= |ﬁ1(t(,)7)n,n(fv,mv 91(LU)’ fm)|;

where £, ,, = A, |. ) denotes the frequency-dependent beam-
forming vector, which generates a beam aligned with the
user physical direction 91(,0) for the v-th user, and u,v =
1,2,..., K. Since we assume that users are separable in
the angle domain, the beamforming vector for one user
achieves the near-zero array gain on the other users’ physical
directions due to the narrow beamwidth. Thus, we have the
array gain n(fwn,&go), fm) ~ 0 when v # w, which leads
to (HmAm)[u,y] ~ 0 when v # wu according to (37).
Hence, we know that the matrix H,,A,, is a diagonal
matrix with diagonal elements satisfying [(HXA,,)p 0] =
[( ,(C?r)n)n(fk,m,ﬁq(to),fm)| for k =1,2,..., K. Then, by sub-
stituting the diagonal elements of the matrix H,, A, into (36),
we can obtain the diagonal elements of the power normaliza-
tion matrix I' as

F[k,k] = \/n(fk,M79](€U)7fm)2( ]E?Zn)Qp

Based on (38) and the zero-forcing property of the digital
precoder D,,,, the achievable rate Ry, of the k-th user at the

(37

(38)
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m-th subcarrier defined in (31) can be rewritten as
Rin =108 (14 L5 (81000 (B 047, ) . (39)

Based on (39), we know that the achievable rate I?j ,, in the
i-th frame with user physical directions 9,(602) Jk=1,2,....K
can be denoted as

Rk’,m = 10g2 (1 + %( ;(C?,)n)2772 (fk’,m; Hl(g(?l)v fm)) . (40)

We can observe from (40) that the achievable rate Ry,
is mainly determined by the array gain achieved by the
beamforming vector £}, ,,, on the k-th user’s physical direction
9,(602) in the i-th frame. Let é,(col) denote the beam tracking results
in the ¢-th frame. Note that after the physical directions é,goz)
has been obtained through beam tracking, the beamforming
vectors fj, ,, at all M subcarriers are designed to generate
beams aligned with é,goz) in the data transmission period.
Therefore, as proved in (14) in Lemma 1, by substituting
Breom = 2(&m — 1)sk in (48) in the Appendix A and s, =
(Pé,goz)/2 in (10) into (14), the array gain n(fk7m,9,g?2,fm)
can be further expressed as

0 1_ 40 0
Wm0 fn) = | 575K (En PO —6,7)

xEp(0F) — €0 @)

Assuming the correct subcarrier can be detected and consid-
ering that 9,(603 is chosen from the target physical direction set
W' as shown in step 3 of Algorithm 1, the beam tracking

result élgog can be seen as a quantization of the user physical
direction 9,(33 . Recalling the elements in the targeted physical
direction set \II}C defined in (16), we know that the quantization
error ‘9,(603 - 9,(602) ‘ satisfies
1

4(0) (0) A(t) A(t)
gk,i - gk,i‘ < arg I{lnafi B (ek’,m-i-l,i - gk,m,i)

(i) arg max 7&”& <L— L > Xk
o m gl\l - fl gm, fm—i—l T ’

where (a) holds due to the definition of é,(fzn , in (16). We can
observe from (42) that the maximum value of the right side
of (42) can be achieved when m = 1. Thus, é,ioz — 9,(:_)2
achieves its maximum value when m = 1, which means

‘é,(fz—@(o) < Smu& (1 1)% (@ . Qi

Bl = ey—a\& &) T  °TM’

where (a) comes from f,, = fo+ 2(m —1— 2-1), and we

(42)

(43)

define ¢ = m. Then, based on (43), we can bound
the array gain by substituting (43) into (41) as
0 1 o [(CEmPar) o 40 0

772(fk,m,9,(€72,fm) 2 ﬁ:%(d (W :?;(9,&}—4%9,&})

(;) LTQ Cgmpak;

= N2TRa\ TM

- @
23 (-] + ) @)

where (a) comes from |9A,£02 — §m9,(£3| >

((1—§M)9,£,0?+(7?—A’j[), which can be proved by (43)

5
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and &, < &yy. Thus, based on (31) and (44), the achievable
rate Ry, ,, of the k-th user at the m-th subcarrier can be lower
bounded as

PBim)’
Rk’,m ZRZ’O,nlind = 10g2 <1 + %nmin) ) (45)

where
1 _ CEmPay \ - ©) . Ok
= e (S ) 3 (0 -l ey
(46)

Finally, we can obtain the lower bound of the achievable sum-
rate as R > S SO0 Rbound,

The lower bound in (45) indicates that the beam tracking
accuracy is vital for the achievable sum-rate performance.
Specifically, we can observe from (45) and (46) that the
lower bound of Ry ,, is mainly decided by the maximum

quantization error (= 47. As the maximum quantization
[e78 : EmPag
error (=% becomes larger, the variables |(>%=7%| and

[(1—-¢ M)@,(fg + (74| of Dirichlet Functions diverge from 0,
which decreases Ry, ,, due to the power-focusing property of
the Direchlet Function [40]. Therefore, a lower quantization
error, which indicates a higher beam tracking accuracy, will
result in a better achievable sum-rate performance. Since
M times the number of user physical directions are tracked
simultaneously, the proposed beam zooming based beam
tracking scheme can realize much smaller quantization error
(i.e., (747) than that realized by the typical beam tracking
scheme [28] (i.e., G¥). Consequently, the proposed scheme
is able to achieve better achievable sum-rate performance.
Moreover, since the number of subcarriers M is usually large,
e.g., M = 128, the maximum quantization error ¢ % in our
proposed scheme is usually close to zero. For example, when
M = 128, ap, = 0.1, f. = 100 GHz, B = 10 GHz, and
T = 2, we have (£% = 4.3 x 107%. Due to such a small
maximum quantization error, the proposed scheme is expected
to achieve the near-optimal achievable sum-rate performance.

It should be pointed out that the above analysis is based
on the assumption that the proposed scheme can correctly
detect the accurate subcarrier. While, in practical systems, due
to the noise, small tracking range and the overlap between
beams at different subcarriers, the detection error will occur.
Fortunately, as shown in Fig. 6, thanks to the power-focusing
property and approximate orthogonality of beams at different
subcarriers, the detection error will almost only occur between
adjacent subcarriers. Under this circumstance, the error of

physical direction ‘é,(f)z) — 9,&02 ‘ is quite small and can still be
bounded with a great probability by ¢ 717 where ¢ is small
(e.g., ¢ = 4 in simulation results in Fig. 10). Therefore, accord-
ing to the analysis in (43)-(46), the near-optimal achievable
sum-rate can still be expected even though the detection error
on subcarriers is taken into consideration. The above analysis
will be verified by simulation results in Section V.

V. SIMULATION RESULTS

In this section, extensive simulation results are provided to
show the performance of the proposed beam zooming based
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Fig. 9. The beam tracking accuracy of the proposed beam zooming based

beam tracking scheme.

beam tracking scheme. The parameters of the THz massive
MIMO system with the DPP structure are set as: N = 256,
M =128, K =4, K4 = 16, f. = 100 GHz and B = 10 GHz,
where the value of K4 is chosen according to the criterion in
[18]. For the THz channel, considering that the THz signals
are quasi-optical, we set L = 1. The path gain is considered to
be frequency-dependent with the model in (4). We assume the
path gain at the central frequency g as the reference path
gain with g . = 1 without loss of generality. The length of
training pilot sequence is ¢ = 10. The physical directions of
different users 9,:?2 are randomly generated by the distribution
following U/ (—1, 1), and the angular variation range «, of user
physical directions follows U (0, atk max) Where v max is the
maximum variation range of the user physical direction for the
k-th user. In addition, due to the low-dimensional property of
the equivalent channel H,, oo, we assume that this equivalent
channel can be reliably estimated in the equivalent channel
estimation period as shown in Fig. 3, which can be easily
realized by using traditional channel estimation methods, e.g.,
the least square method [41]. The analog beamformer A,, is
designed based on the physical directions obtained from the
proposed beam tracking scheme, according to (8), (9) and (10).
Considering THz communications tend to be noise-dominant,
the digital precoder D,,, is designed by minimum mean square
error (MMSE) precoding based on the equivalent channel to
mitigate the inter-user interferences [36]. The achievable sum-
rate performance is calculated by using (31) and (32), and the
signal-to-noise ratio is defined as %;.

Fig. 9 shows the beam tracking accuracy of the proposed
scheme, where the beam tracking results of four users in 30
consecutive frames are shown, and we set SNR = 10 dB,
ar = 0.1 and T' = 5. The initial user physical direction 9,(;,)())

and the moving velocity 9,(603 1 9,(602 of the users are set

as 01,657,057, 05%0] = [~0.4,0.16, —0.15,0.35], 61, |, —
61"} = 0.005, 65, , — 61°) = —0.01, 65, —61") = 0.012,
0}, — 0 = —0.08 for i < 15, and 6"), , — 61"} = 0.08
for ¢ > 15, respectively. We can observe from Fig. 9 that the
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Fig. 11. The achievable sum-rate performance against the beam training
overhead T'.

proposed scheme can correctly track the user trajectory. The
very small deviation between the actual physical directions
and the tracked physical directions is negligible, even for the
user 4 who changes its direction in motion.
Fig. 10 illustrates the tracking accuracy with ay max = 0.1
and T' = 2. Specifically, we show the probability that the error
é,ioz — 9,(:,)2 ‘ satisfies ‘é,ioz — 9,(:,)2 L <
727 against SNR level. In Fig. 10, three cases of ¢ is
considered with ¢ = 1, ( = 2 and ¢ = 4. Fig. 10 shows
that when SNR is larger than 10 dB, the probability that
‘é,goz — 9,(33 < 4% holds is larger than 99%. This indicates

of physical direction

= an

T™
the error of physical direction is bounded with a great proba-

bility by 4747 = 0.0016, which is quite small due to a large
number of subcarriers M. Consequently, we can conclude that
the proposed scheme can realize accurate physical direction
estimation.

Fig. 11 compares the achievable sum-rate performance
against the beam training overhead 7' between the optimal
fully-digital MMSE precoding [36] with perfect channel
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Fig. 12.  The achievable sum-rate performance against the beam training
overhead T" with ag max = 0.1.

information, the beam selection based precoding method
with physical directions tracked by the proposed scheme,
and the lower bound derived in (45). We set aj max = 0.1
for users and SNR = 30 dB. From Fig. 11, we can
observe that by utilizing the proposed beam zooming based
beam tracking scheme, the beam selection based precoding
method can almost approach the achievable sum-rate
performance of the optimal fully-digital precoding. For
example, when 7" > 2, the beam selection based precoding
method with the proposed scheme can achieve nearly 98%
achievable sum-rate performance of the optimal fully-digital
precoding, which reveals that the proposed scheme can realize
accurate beam tracking. In addition, we can find that the
achievable sum-rate performance of the beam selection based
precoding method with the proposed scheme is tightly lower-
bounded by (45), which verifies the performance analysis in
Subsection IV-B.

In Fig. 12 and Fig. 13, we provide the achievable sum-
rate performance against the beam training overhead 7', where
the following four schemes are compared: the optimal fully-
digital MMSE precoding [36] with perfect channel informa-
tion, beam selection based precoding method [22] with the
perfect physical directions, beam selection based precoding
method with the physical directions tracked by the proposed
scheme, and beam selection based precoding method with
the physical directions tracked by the typical beam tracking
scheme [28] as described in Subsection III-A. The cases with
different variation range of user physical direction are set
as Qpmax = 0.1 in Fig. 12 and aj max = 0.2 in Fig. 13.
We can observe from Fig. 12 and Fig. 13 that by exploiting
the proposed beam zooming based beam tracking scheme,
the beam selection based precoding method can achieve near-
optimal achievable sum-rate performance in both o max =
0.1 and a; max = 0.2 cases with low training overhead, which
is consistent with the theoretical analysis in Section IV. For
instance, when T' > 2 with o max = 0.1 or T" > 4 with
v max = 0.2, the achievable sum-rate gap between the beam
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Fig. 13. The achievable sum-rate performance against the beam training
overhead T" with ag max = 0.2.

selection based precoding method with the perfect physical
directions and that with the physical directions tracked by the
proposed scheme is negligible. Besides, we can observe that
the proposed scheme outperforms the typical beam tracking
scheme in two aspects. Firstly, to achieve the same achievable
sum-rate performance, the required training overhead of the
proposed beam zooming based beam tracking scheme is much
smaller than that of the typical scheme. For example, for the
achievable sum-rate 10 bits/s/Hz, the proposed scheme can
reduce the beam tracking overhead by about 90%. Secondly,
with the same beam training overhead, the beam zooming
based beam tracking scheme achieves better achievable sum-
rate performance than the typical beam tracking scheme. The
improvement above is mainly because that through the active
control of the degree of the beam split effect, the proposed
scheme can track multiple potential user physical directions
simultaneously and increase the number of tracked user phys-
ical directions.

Fig. 14 shows the achievable sum-rate performance against
the beam training overhead 7" with parameters f. = 300 GHz,
B =5 GHz and aj, max = 0.2. The other simulation settings
are the same with that in Fig. 12 and Fig. 13. We can find
similar observation in Fig. 14 compared with Fig. 12 and
Fig. 13. Specifically, the proposed scheme can still achieve
near-optimal achievable sum-rate performance, with a much
smaller beam training overhead than the typical scheme. This
indicates that when the beam split effect is relatively not
serious with f. = 300 GHz and B = 5 GHz, the proposed
scheme still has the ability to generate effective beams to cover
the tracking range.

Fig. 15 illustratestracked by the proposed scheme and the
beam selection based precoding method based on the physical
directions tracked by the typical beam tracking scheme [28] as
described in Subsection III-A are provided. Here, we set T' = 5
and o max = 0.1. The optimal fully-digital MMSE precoding
[36] with the perfect channel information and the beam
selection based precoding method with the perfect physical

Authorized licensed use limited to: Tsinghua University. Downloaded on June 07,2021 at 02:25:12 UTC from |IEEE Xplore. Restrictions apply.



TAN AND DAIL: WIDEBAND BEAM TRACKING IN THz MASSIVE MIMO SYSTEMS

18 T T T
— — — Optimal fully-digital precoding [36]

Optimal beam selection [22] 5
—6— Beam selection with the proposed scheme
—<— Beam selection with the typical scheme [28] |1

N
(o]
T

-
N
T

Ny
N
T
&

-
o
T
I

Achievable sum-rate (bps/s/Hz)

gl ,
6 i
4l ,
9 i
od ‘ ‘ ‘ ‘ !
5 10 15 20 25
Beam training overhead
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Fig. 15. The achievable sum-rate performance comparison against SNR.

directions using hybrid precoding structure [10] are also
depicted as benchmarks for comparison. We can observe from
Fig. 15 that when T" = 5, the proposed beam zooming based
beam tracking scheme outperforms the typical scheme, and it
can obtain the near-optimal achievable sum-rate performance
compared with the optimal fully-digital MMSE precoding.
In addition, we can observe that the beam selection based
precoding method based on the perfect physical directions
suffers from a severe achievable sum-rate performance loss
when using hybrid precoding structure. This is mainly caused
by the severe array gain loss due to the beam split effect.
The results in Fig. 15 also verify the effectiveness of the DPP
structure in wideband THz massive MIMO systems.

Fig. 16 illustrates the performance of the proposed beam
zooming based beam tracking scheme in multi-antenna user
case, where we consider the user parameters N, = 32,

qa=4, 03, =0.1, and T' = 8 for beam tracking procedure at
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Fig. 16. The achievable sum-rate performance comparison against SNR with
multi-antenna users.

both the BS and the user side. The other system parameters
are the same as that in Fig. 15. The optimal fully-digital
precoding and beam selection under hybrid precoding scheme
are carried out based on perfect channel information and
perfect physical directions, respectively. We can observe from
Fig. 16 that in multi-antenna user case, the proposed beam
zooming based beam tracking scheme can still achieve near-
optimal achievable sum-rate performance, which is also much
better than that achieved by the typical scheme. Notice that
the performance of beam selection with the typical scheme
and beam selection under hybrid precoding structure have a
crossing point when SNR = 5 dB. This is because when
the SNR is low, the beam tracking error of the typical beam
tracking scheme becomes dominant, which causes more seri-
ous achievable sum-rate loss than that under hybrid precoding
structure caused by the beam split effect. In contrast, when the
SNR grows up, the typical beam tracking scheme can obtain
correct physical directions with a high probability. Under this
circumstance, it can overcome the achievable rate loss caused
by the beam split effect by utilizing the DPP structure, and
thus realize better achievable sum-rate performance than that
of beam selection under hybrid precoding structure.

By summarizing simulation results in Fig. 9-16, we can
conclude that the proposed beam zooming based beam
tracking scheme can realize precise beam tracking with
the low overhead and the near-optimal achievable sum-rate
performance.

VI. CONCLUSIONS

In this paper, we investigated the wideband beam tracking
problem in THz massive MIMO systems. To realize accurate
and fast beam tracking, at first we proved the beam zooming
mechanism to flexibly control the angular coverage of beams
generated by the DPP structure, i.e., the degree of the beam
split effect. Based on the beam zooming mechanism, we then
proposed a beam zooming based beam tracking scheme.
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Unlike traditional schemes where only one frequency-
independent beam can be usually generated by one RF chain,
the proposed scheme can simultaneously track multiple user
physical directions by using multiple frequency-dependent
beams generated by one RF chain, which is realized by
flexibly controlling the degree of the beam split effect.
Theoretical analysis and simulation results showed that the
proposed scheme can track the user motion accurately with
a reduced beam training overhead by about 90% compared
with the typical beam tracking scheme. Moreover, based
on the physical directions tracked by the proposed scheme,
nearly 98% of the optimal sum-rate performance can be
achieved, which makes the proposed beam zooming based
beam tracking scheme attractive for THz massive MIMO
systems. In the future, we will further investigate the beam
tracking problem by considering some other THz channel
characteristics, such as angle spread [42] and distance-aware
effect [43]. Meanwhile, the beam tracking problem in
reconfigurable intelligent surface aided THz massive MIMO
systems also requires further investigation [44].

APPENDIX A. PROOF OF LEMMA 2

Proof: The beamforming vector fj, ,, can be rewritten by
substituting A5 = blkdiag (ap(¢k)ej”(P¢k+23k)pT(Kd)) and
tp = siT.p(Kq) into fy,,, = Aje 72 mte ag

f}; m = blkdiag (aP(¢k)ej”(P¢k+25k)pT(Kd)) e I2mEmsiP(Ka)

— blkdiag (ap(qbk)eijmpT(Kd)) oI (25K —26msi)P(Ka)

(47)

We can observe that blkdiag (ap (¢, )el™F¢sP" (Ka)) in (47)
has the same form as the analog beamformer Aj in Lemma 1.
Therefore, we can utilize Lemma 1 to obtain the phys-
ical direction that the beam generated by the beamform-
ing vector fj ,, is aligned with. Specifically, if we make
eI™(2sk=26msk)P(Ka) jn (47) satisfy eI™(2sx—2Emsk)p(Ka) —
[1,ej”[gkﬂ",ej”%kﬂ", . .,ej”(Kd_l)Bkﬂ"]T in Lemma 1,
the beamforming vector fj, ,, has the same form as that in
Lemma 1. Thus, the frequency-dependent phase shift 3 .,
can be represented by the number of periods that delayed by
TDs sy, as

Bk,m = 2(1 - fm)sk’- (48)

Then, according to Lemma 1, the physical direction ék,m that
the beam generated by the beamforming vector fj, ,,, is aligned
with, can be obtained by substituting sy, ¢ and (48) into (13)
as

;i _ %k 1 28m 10,
Okm = Em (fm @+ Ev — &1 )
2 m — 1
— 91(:)) —+ (1 - gl)ak —+ %O&k, (49)

which proves (15).
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Obviously, according to (49), the physical direction ék,m
increases progressively as m becomes larger. When m = M,
we have

26061 (6 — 1)

(0) o
b+ (1= &)ou + Ev(ém — &)

Ok, = QU

WO 1, (50)

where (a) comes from & + &y = i + ,fm = 2. Similar
to (50), we can also ol)}ain ék@ = Gko) — ap when m = 1.
Therefore, considering 0y, ,,, is monotonously increasing over
m, the physical directions 0y ,,,m = 1,2,..., M which
the beams generated by beamforming vectors fj ,,,m =

1,2,..., M are aligned with, can cover the whole angular
tracking range [9120) - ag, 9,(60) + ag). |

APPENDIX B. LEMMA 3

Lemma 3: When the DPP structure can eliminate the beam
split effect at an arbitrary physical direction 9,(6?3 e [-1,1],
the following inequality holds

1+ P(&n—1) (9,(6(’)3 — Oék) > 0. 51)

Proof: Since the DPP structure should generate beams aligned
with the physical direction 9,(6?3 during data transmission,
it must have the ability to eliminate the beam split effect
at an arbitrary physical direction 9,(33 € [-1,1]. That is,
the limitation of the DPP structure, i.e., Bxm,m € [—1,1],
must hold for an arbitrary physical direction 9,(33 e [-1,1].
Considering that the frequency-dependent phase shifts 3 .,

satisfies Ok, € [—1,1] in Lemma 1, and substituting Gy, ,, =
()

2(Em — 1)sp in (48) and s = ——2% into B € [—1,1],

we have the following inequality that should be satisfied for

an arbitrary physical direction 9,(:_)2 as

1< (€~ 1O P <1 (52)

Recalling that % < & < % and 9,(603 € [-1,1], we can
obtain that the ratio between the number of antennas and the
number of TDs P = Kid should satisfy

|(§m - 1)P| <1 (53)

From (16), we know that 9,(33 — . is the minimum element
of the target physical direction set \II}CH, which obviously
satisfies |9,(€03 — ag| < 1. Therefore, (53) can be converted
to

P(&n — 1)(0)) — ax)| < 1, (54)

which is equivalent to (51). [ |
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